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In [ PRL, 102, 010401 (2009)], Spekkens et al. have shown that quantum preparation contextu-
ality can power the parity-oblivious multiplexing (POM) task. The bound on the optimal success
probability of n-bit POM task performed with the classical resources was shown to be the same as
in a preparation non-contextual theory. This non-contextual bound is violated if the task is per-
formed with quantum resources. While in 2-bit POM task the optimal quantum success probability
is achieved, in 3-bit case optimality was left as an open question. In this paper, we show that
the quantum success probability of a n-bit POM task is solely dependent on a suitable 2n−1 × n
Bell’s inequality and optimal violation of it optimizes the success probability of the said POM task.
Further, we discuss how the degree of quantum preparation contextuality restricts the amount of
quantum violations of Bell’s inequalities, and consequently the success probability of a POM task.
I. INTRODUCTION
By demonstrating an ingenious gedanken experiment
Einstein, Podoloski and Rosen had remarked[1] that the
quantum mechanical description of nature by using ψ
function is inherently incomplete. The ontological mod-
els of an operational quantum theory seek to provide a
‘complete specification’ of the state of a quantum system
so that the individual measured values of any dynami-
cal variable are predicted by an appropriate set of ontic
states (usually denoted as λ’s). Studies on this issue have
resulted in spectacular discoveries about the constraints
that need to be imposed on the ontological models in
order to be consistent with the statistics of quantum me-
chanics (QM). Bell’s theorem [2] is the first which pro-
vides a constraint that an ontological model has to be
nonlocal. Shortly after the Bell’s theorem, Kochen and
Specker (KS) [3, 4] demonstrated an inconsistency be-
tween QM and the non-contextual ontological models.
In a non-contextual ontological model the individual
measured values of an observable that occur for an appro-
priate set of λs is irrespective of the way it is being mea-
sured. Let an observable Â be commuting with B̂ and Ĉ,
with B̂ and Ĉ being non-commuting. Then the assump-
tion of non-contextuality asserts that the value occurring
in a measurement Â is independent of, whether the mea-
surement is performed with B̂ or Ĉ. KS theorem [3, 4]
demonstrates that such a non-contextual assignment of
values is impossible for all possible set of measurements
for d ≥ 3. The original KS proof was demonstrated us-
ing 117 projectors for qutrit system. Later, simpler ver-
sions of it using lower number of projectors have been
provided [5]. Apart from the KS-type all-versus-nothing
proof, inequality based proofs have also been provided
[6]. Note that KS-type proof has a limited applicability
because it uses an additional assumption of outcome de-
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terminism for sharp measurement along with the usual
measurement non-contextuality assumption. Also, it is
not applicable to any arbitrary operational theory, rather
is specific to quantum theory. The traditional notion of
non-contextuality was further generalized by Spekkens[8]
for any arbitrary operational theory and extended the
formulation to the transformation and preparation non-
contextuality. The present paper concerns the notion
of preparation non-contextuality of an ontological model
and its quantum violation.
Before proceeding further let us recapitulate the
essence of an ontological model reproducing the quan-
tum statistics [7]. Given a preparation procedure P ∈ P
and a measurement procedures M ∈ M, an opera-
tional theory assigns probability p(k|P,M) of obtaining
a particular outcome k ∈ KM . Here M is the set of
measurement procedures and P is the set of prepara-
tion procedures. In QM, a preparation procedure pro-
duces a density matrix ρ and measurement procedure
(in general described by a suitable POVM Ek) provides
the probability of a particular outcome k is given by
p(k|P,M) = Tr[ρEk], which is the Born rule. In an
ontological model of QM, it is assumed that whenever ρ
is prepared by a specific preparation procedure P ∈ P a
probability distribution µP (λ|ρ) in the ontic space is pre-
pared, satisfying
∫
Λ µP (λ|ρ)dλ = 1 where λ ∈ Λ and Λ
is the ontic state space. The probability of obtaining an
outcome k is given by a response function ξM (k|λ,Ek)
satisfying
∑
k ξM (k|λ,Ek) = 1 where a measurement
operator Ek is realized through a particular measure-
ment procedure M ∈ M. A viable ontological model
should reproduce the Born rule, i.e., ∀ρ, ∀Ek and ∀k,∫
Λ
µP (λ|ρ)ξM (k|λ,Ek)dλ = Tr[ρEk].
According to the generalized notion of non-
contextuality proposed by Spekkens [8], an ontological
model of an operational theory can be assumed to
be non-contextual if two experimental procedures
are operationally equivalent, then they have equiv-
alent representations in the ontological model. If
two measurement procedures M and M ′ produces
same observable statistics for all possible prepara-
tions then the measurements M and M ′ belong to
2the equivalent class. An ontological model of QM is
assumed to be measurement non-contextual if ∀P :
p(k|P,M) = p(k|P,M ′) ⇒ ξM (k|λ,Ek) = ξM ′(k|λ,Ek)
is satisfied. KS non-contextuality assumes the afore-
mentioned measurement non-contextuality along with
the outcome determinism for the sharp measure-
ment. Similarly, an ontological model of QM can be
considered to be preparation non-contextual one if
∀M : p(k|P,M) = p(k|P ′,M) ⇒ µP (λ|ρ) = µP ′(λ|ρ)
is satisfied where P and P ′ are two distinct prepa-
ration procedures but in the same equivalent class.
In an ontological model of QM, the preparation non-
contextuality implies the outcome determinism for sharp
measurements and also implies KS non-contextuality
[8]. Then any KS proof can be considered as a proof of
preparation contextuality but converse does not hold. In
this sense, preparation non-contextuality is a stronger
notion than traditional KS non-contextuality [9]. Very
recently, it is also shown [10] that any ontological model
satisfying both the assumptions of preparation and the
measurement non-contextuality cannot reproduce all
quantum statistics, even if the assumption of outcome
determinism for sharp measurement is dropped. Exper-
imental test of such an universal non-contextuality has
also been provided which are free from idealized assump-
tions of noiseless measurements and exact operational
equivalences [11].
The failure of non-contextuality is a signature of non-
classicality which is of foundational importance. It would
then be interesting if this non-classical feature of contex-
tuality can be used as a resource for providing advantage
in various information processing and computation tasks,
similar to the spirit of the violations of Bell inequali-
ties which have been shown to be a resource for device-
independent key distribution [12] and certified random-
ness [13]. In an interesting work Spekkens et al. [14]
have first demonstrated how quantum preparation con-
textuality can power a communication game termed as
parity-oblivious multiplexing (POM) task.
The essence of a n-bit POM task can be encapsu-
lated as follows. Alice has a n-bit string x chosen uni-
formly at random from {0, 1}n. Bob can choose any bit
y ∈ {1, 2, ..., n} and recover the bit xy with a probability.
The condition of the task is, Bob’s output must be the
bit b = xy, i.e., the y
th bit of Alice’s input string x. In
other words, Alice and Bob try to optimize the proba-
bility p(b = xy) with the constraint that no information
about any parity of x can be transmitted to Bob.
In [14], it is shown that a n-bit POM task performed
with classical resources is constrained by an inequal-
ity. Interestingly, the same inequality can be obtained
in any ontological model satisfying preparation non-
contextuality. For the case of 2-bit POM task they have
achieved the optimal quantum success probability, which
is recently reaffirmed [15] through the Cirelson bound.
For 3-bit POM task, Spekkens et al. [14] provided the
quantum advantage over the non-contextual POM task
but the question pertaining to its optimality is left as
an open problem. In this paper, we first show that the
quantum success probability provided in [14] is indeed
the optimal one for the 3−bit POM task. In order to
demonstrate this we first prove that the optimal success
probability of 3−bit POM task in QM is solely dependent
on the optimal quantum violation of the elegant Bell in-
equality proposed by Gisin [16]. We then generalize our
approach to show that one can find a suitable 2n−1 × n
elegant Bell’s inequality for n-bit POM task and optimal
violation of it provides the optimal success probability
of the POM task. Further, we discuss how the degree
of quantum preparation contextuality puts constraint on
the quantum violations of Bell’s inequalities and conse-
quently on the quantum success probability of a POM
task.
II. THE POM TASK AND PREPARATION
NON-CONTEXTUALITY
Following [14], we define a parity set Pn = {x|x ∈
{0, 1}n,∑r xr ≥ 2} with r ∈ {1, 2, ..., n}. The crypto-
graphic constraint here is the following. For any s ∈ Pn,
no information about s.x = ⊕rsrxr (s-parity) is to be
transmitted to Bob, where ⊕ is sum modulo 2. For ex-
ample, when n = 2 the set is P = {11}, so no information
about x1 ⊕ x2 can be transmitted by Alice.
The maximum probability of success in a classical n-
bit POM task is (n+ 1)/2n, because only those encoding
of x which does not provide any information about parity
are those which encodes a single bit. While the explicit
proof can be found in [14], a simple trick can saturate the
bound as follows. Assume that Alice always encodes the
first bit (pre-discussed between Alice and Bob) and sends
to Bob. If y = 1, occurring with probability 1/n, Bob
can predict the outcome with certainty and for y 6= 1,
occurring with probability of (n−1)/n, he at best guesses
the bit with probability 1/2. Hence the total probability
of success is 1/n + (n− 1)/2n = (n+ 1)/2n. Since y
is chosen uniformly it is irrelevant which bit is encoded.
This does not disclose the parity information to Bob.
Let in an operational theory, Alice encodes her n-bit
string of x prepared by a procedure Px. Next, after re-
ceiving the particle , for every y ∈ {1, 2, ..., n}, Bob per-
forms a two-outcome measurement My and reports out-
come b as his output. Then the probability of success is
given by
p(b = xy) =
1
2nn
∑
x,y
p(b = xy |Px,My). (1)
The parity-obliviousness condition in the operational
theory guarantees that there is no outcome of any mea-
surement for which the probabilities for s-parity 0 and
s-parity 1 are different. Mathematically,
∀s ∀M ∀k
∑
x|x.s=0
p(Px|k,M) =
∑
x|x.s=1
p(Px|k,M). (2)
3For a preparation non-contextual ontological model, it
is proved [14] that the success probability in n-bit POM
task satisfies the bound
p(b = xy)pnc ≤ 1
2
(
1 +
1
n
)
. (3)
In order to derive this bound it is proved that in a
preparation non-contextual models, parity-obliviousness
at the operational level implies equivalent represen-
tation in the ontological model, so that, ∀M :∑
x|x.s=0
µ(λ|Px,M) =
∑
x|x.s=1
µ(λ|Px,M) is satisfied. This
is true even if Bob can perfectly determine the ontic state
λ.
In quantum POM task, Alice encodes her n-bit string
of x into pure quantum states ρx = |ψx〉〈ψx|, pre-
pared by a procedure Px. After receiving the particle,
Bob performs a two-outcome measurement My for ev-
ery y ∈ {1, 2, ..., n} and reports outcome b as his out-
put. Spekkens et al. [14] have proved that the opti-
mal quantum success probability for 2-bit POM task is
poptQ = (1/2)(1 + 1/
√
2) > p(b = xy)pnc = 3/4 . For
3−bit quantum POM task they provided a success prob-
ability pQ = (1/2)(1 + 1/
√
3) but left open the question
of optimality of it.
Recently, Chailloux et al. [17] have shown that for even
POM task optimal success probability is (1/2)(1+1/
√
n).
However, they first proved that POM task can be shown
to be equivalent to an another game in some condi-
tions and then optimize the success probability of that
game. By taking a different approach, Banik et al.[18]
obtained the quantum optimal success probability of the
2−bit POM task through the Tsirelson bound [19] of
CHSH inequality [20]. Instead of two-outcome mea-
surement, Hameedi et al. [21] have derived the non-
contextual bound for m-outcome scenario is given by
p(b = xy)pnc ≤ (n +m − 1)/(nm). However, they have
numerically optimized the quantum success probability
of POM task for n = 2 and m = 3...7.
We use the similar direct approach adopted in [18] to
derive the optimal success probability of n−bit POM task
for dichotomic outcomes. Interestingly, the success prob-
ability can be shown to be solely linked to the 2n−1 × n
elegant Bell’s inequality [16] which obviously reduces to
the CHSH inequality for 2-bit POM task. Further, by
using an interesting technique we analytically optimize
2n−1×n elegant Bell’s inequality which in turn provides
the optimal quantum success probability (poptQ ) of n-bit
POM task. In order to showing this, let us first provide
an explicit derivation of poptQ for 3-bit POM task which
will help the reader to understand the optimization of pQ
for n-bit quantum POM task.
III. 3-BIT POM TASK AND OPTIMAL
QUANTUM SUCCESS PROBABILITY
For 3-bit POM task Alice chooses her bit x randomly
from {0, 1}3. We rewrite all the possible x as an ordered
set D3 = (000, 001, 010, 100, 011, 101, 110, 111).
The parity set is then P3 = {011, 101, 110, 111}. If we
consider the case when s = 110, the bits having s−parity
0 are {000, 001, 110, 111} and the bits have s−parity
1 are {010, 100, 011, 101}. From Eq. (2), the parity-
obliviousness in a non-contextual ontological model can
then be ensured if ∀M and ∀k
p(P000|k,M) + p(P001|k,M) + p(P110|k,M)
+ p(P111|k,M) = p(P010|k,M) + p(P100|k,M)
+ p(P011|k,M) + p(P101|k,M). (4)
Similar parity-oblivious conditions can be found for ev-
ery other element of P3.
Let us consider an entangled quantum state ρAB =
|ψAB〉〈ψAB | where |ψAB〉 ∈ C2⊗C2. Alice randomly per-
forms one of the four projective measurements {PAi , I −
PAi} where i = 1, 2, 3, 4 to encode her input x into eight
pure qubits as ρx, are given by
1
2
ρ000 = Tr1
[
(PA1 ⊗ I) ρAB
]
(5a)
1
2
ρ111 = Tr1
[
(I − PA1 ⊗ I) ρAB
]
(5b)
1
2
ρ001 = Tr1
[
(PA2 ⊗ I) ρAB
]
(5c)
1
2
ρ110 = Tr1
[
(I − PA2 ⊗ I) ρAB
]
(5d)
1
2
ρ010 = Tr1
[
(PA3 ⊗ I) ρAB
]
(5e)
1
2
ρ101 = Tr1
[
(I − PA3 ⊗ I) ρAB
]
(5f)
1
2
ρ100 = Tr1
[
(PA4 ⊗ I) ρAB
]
(5g)
1
2
ρ011 = Tr1
[
(I − PA4 ⊗ I) ρAB
]
. (5h)
After receiving the information from Alice, Bob per-
forms three projective measurements {PBy , I−PBy} with
y = 1, 2, 3.
From the construction we have, 12ρ000 +
1
2ρ111 =
1
2ρ110 +
1
2ρ001 =
1
2ρ010 +
1
2ρ101 =
1
2ρ011 +
1
2ρ100 = I/2.
So, the parity oblivious constraint in QM is satisfied if
1
4 (ρ000+ρ111+ρ110+ρ001) =
1
4 (ρ010+ρ101+ρ011+ρ100).
Spekkens et al.[14] has obtained a quantum success
probability pQ = (1/2)
(
1+1/
√
3
)
of the 3-bit POM task.
Given an entangled state |ΨAB〉 = (|00〉+|11〉)/
√
2, if the
following choices of observables in Alice’s end are made,
so that, A1 = (σx+σy+σz)/
√
3, A2 = (σx+σy−σz)/
√
3,
A3 = (σx − σy + σz)/
√
3 and A4 = (−σx + σy + σz)/
√
3,
and Bob chooses B1 = σx, B2 = −σy and B3 = σz , then
the above bound can be achieved. Similarly, one may
chose another entangled state for which a different set of
observables is required to obtain that bound. The ques-
tion is whether the above quantum success probability is
optimal.
In this paper, we first prove that quantum success
probability for 3−bit POM task obtained by Spekkens et
4al.[14] is indeed the optimal one. This is shown through
the optimal violation of the elegant Bell inequality [16].
In order to showing this, let us explicitly write down the
quantum success probability for 3-bit POM task by using
Eq.(1) is given by
pQ =
1
24
[
p(0|ρ000, PB1) + p(0|ρ000, PB2) + p(0|ρ000, PB3)
+p(0|ρ001, PB1) + p(0|ρ001, PB2) + p(0|ρ001, I − PB3)
+p(0|ρ010, PB1) + p(1|ρ010, I − PB2) + p(0|ρ010, PB3)
+p(1|ρ100, I − PB1) + p(0|ρ100, PB2) + p(0|ρ100, PB3)
+p(0|ρ011, PB1) + p(1|ρ011, I − PB2) + p(1|ρ011, I − PB3)
+p(1|ρ101, I − PB1) + p(0|ρ101, PB2) + p(1|ρ101, I − PB3)
+p(1|ρ110, I − PB1) + p(1|ρ110, I − PB2) + p(0|ρ110, PB3)
+p(1|ρ111, I − PB1) + p(1|ρ111, I − PB2)
+p(1|ρ111, I − PB3)
]
. (6)
Further simplification and rearrangements provide the
following form is given by
pQ =
1
2
+
〈B3〉
24
(7)
where B3 is the elegant Bell expression[16] is given by
B3 =(A1 +A2 +A3 −A4)⊗B1
+(A1 +A2 −A3 +A4)⊗B2 (8)
+(A1 −A2 +A3 +A4)⊗B3
The detailed calculation to derive Eq.(7) from Eq.(6) is
shown in the Appendix A.
We have thus shown that the optimality of pQ for 3-
bit POM task requires the optimal violation of elegant
Bell inequality. For this, by following [22], we define
γ3 = 4
√
3 I − B3. Since A†iAi = I = B†yBy, γ3 can be
decomposed as γ3 = (
√
3/2)
∑4
i=1M
†
iMi where Mi’s are
linear combination of Ai’s and By’s
M1 = (B1 +B2 +B3)/
√
3−A1
M2 = (B1 +B2 −B3)/
√
3−A2
M3 = (B1 −B2 +B3)/
√
3−A3
M4 = (−B1 +B2 +B3)/
√
3−A4. (9)
Since γ3 is positive semi-definite, we have 〈B3〉opt =
4
√
3. This in turn optimize the success probability given
by Eq.(7), so that, poptQ = (1/2)(1 + (1/
√
3)) for a 3−bit
POM task. Thus, poptQ of 3−bit POM task is achieved
through the optimal quantum violation of the elegant
Bell’s inequality.
It is interesting to note here that 〈B3〉 can be saturated
if the choice of By’s can be made in the following way, so
that A1+A2+A3−A4 = (4/
√
3)B1, A1+A2−A3+A4 =
(4/
√
3)B2 and A1 − A2 + A3 + A4 = (4/
√
3)B3. Then,
〈B3〉 = (4/
√
3)
∑3
y=1〈By ⊗ By〉 provides 〈B3〉opt = 4
√
3
provided for a suitable state, each of the 〈By ⊗ By〉 is
equal to 1. The important question is whether such a
choice of the observables and the state can be found.
In fact, the choice made by in [14] satisfies the above
requirements.
Note that, the algebraic maximum of Eq.(8) is 12
which may be obtained for a post-quantum theory (PR
box is an example for the case of Bell-CHSH expression)
providing the maximum violation of parity-obliviousness
condition.
The above calculation is performed by assuming ele-
ment s = 110 from the set P3. One may take any of the
other three elements of P3 to find the optimal success
probability. However, poptQ will remain same for any of
such cases. We now proceed to generalize the approach
for n-bit POM task.
IV. n-BIT POM TASK AND OPTIMAL
SUCCESS PROBABILITY IN QM
For n-bit POM task Alice chooses her bit xδ ran-
domly from {0, 1}n with δ ∈ {1, 2...2n}. The relevant
ordered set Dn can be written as Dn = (xδ|xi ⊕ xj =
111...11 and i+ j = 2n + 1) and i ∈ {1, 2, ...2n−1}. Here,
x1 = 00...00, x2 = 00...01, ...., and so on. The parity set
is defined as Pn = {xδ|xδ ∈ {0, 1}n,
∑
r x
δ
r ≥ 2}. We
choose xs = 1100...00 and fix the s-parity 0 and s-parity
1 sets.
Let us consider a suitable entangled state ρAB =
|ψAB〉 〈ψAB | with |ψAB〉 ∈ Cd⊗Cd. Alice performs one of
the 2n−1 projective measurements {PAi , I − PAi} where
i ∈ {1, 2, ...2n−1} to encode her n-bits into 2n pure quan-
tum states are given by
1
2
ρxi = trA[(PAi ⊗ I)ρAB] (10a)
1
2
ρxj = trA[(I− PAi ⊗ I)ρAB ]; (10b)
with i+ j = 2n + 1.
We define Bob’s measurements as
My =
{
M iy,when b = x
i
y
M jy ,when b = x
j
y
(11)
M i(j)y =
{
PBy , when x
i(j)
y = 0
I− PBy , when xi(j)y = 1
(12)
The quantum success probability can then be written as
pQ =
1
2nn
n∑
y=1
2n−1∑
i=1
p(b = xiy|ρxi ,M iy)
+ p(b = xjy|ρxj ,M jy)
=
1
2nn
n∑
y=1
2n−1∑
i=1
tr[ρxiM
i
y] + tr[ρxjM
j
y ] (13)
5Since ∀i, j, xi ⊕ xj = 111...111 we have xiy ⊕ xjy = 1.
Then, while xiy = 0 we can write tr[ρxiM
i
y]+tr[ρxjM
j
y ] =
tr[ρxj ] + tr[(ρxi − ρxj )PBy ], and while xjy = 0 we have
tr[ρxiM
i
y] + tr[ρxjM
j
y ] = tr[ρxi ] − tr[(ρxi − ρxj)PBy ].
Hence, if xiy = 0 the term tr[ρxj ] exists, while x
i
y = 1,
then tr[ρxi ] exists. So, Eq.(13) can be written as
pQ =
1
2nn
n∑
y=1
2n−1∑
i=1
(−1)xiytr[(ρxi − ρxj )PBy ] + tr[ρ
x
(i.xiy+j.x
j
y)
]
=
2n−1n
2nn
+
1
2nn
n∑
y=1
2n−1∑
i=1
(−1)xiy〈(2PAi − I)⊗ 2PBy 〉
=
1
2
+
1
2nn
n∑
y=1
2n−1∑
i=1
(−1)xiy〈Ai ⊗By〉 (14)
Then the success probability of n-bit POM task is de-
pendent on the 2n−1 × n elegant Bell expression
Bn =
n∑
y=1
2n−1∑
i=1
(−1)xiyAi ⊗By (15)
In order to optimize Bn we define γn = 2n−1
√
n I−Bn.
By considering A†iAi = I = B
†
yBy, γn can be written in
the following way γn =
√
n
2
∑2n−1
i=1 M
†
iMi where Mi =∑
y(−1)x
i
y
By√
n
−Ai. Since γn ≥ 0 we have
Bn ≤ 2n−1
√
n I (16)
It is then straightforward to see from Eq.(14) that
the optimal quantum success probability for n−bit POM
task is
poptQ =
1
2
(
1 +
1√
n
)
. (17)
Thus, poptQ ≥ poptpnc for n-bit POM task. The
question remains whether such an amount of success
probability can be achieved for any n if Alice uses
qubit system for encoding her input into pure states.
Clearly, if the choices of observables is found for which
(2n−1/
√
n)
∑2n−1
i=1 (−1)x
i
yAi = By is satisfied then we
have 〈Bn〉 =
∑n
y=1〈By ⊗By〉 which may provide Boptn =
2n−1
√
n provided each of the 〈By ⊗ By〉 = 1. We have
already shown that for n = 2 and 3 such choices of ob-
servables are available for qubit system. However, for
n > 3 the observables cannot be found in qubit system
to obtain the optimal quantum bound. We provide an
explicit example in Appendix B to show that how opti-
mal quantum success probability of 4-bit POM task can
be achieved when Alice uses two-qubit system for encod-
ing her input. In Appendix C, by following [17], we write
down the explicit construction of such set of observables
for which the violation is optimal. However, the dimen-
sion of the Hilbert space needs to [2n/2] for n−bit POM
task.
V. SUMMARY AND DISCUSSIONS
We studied how the quantum preparation contextu-
ality provides advantage in a POM task. The success
probability of the n-bit POM task is shown to exceed
the non-contextual bound if performed with quantum re-
sources. Spekkens et al. [14] have provided the optimal
quantum success probability of 2-bit POM task which
is reaffirmed [18] through the Cirelson bound of CHSH
inequality. The pQ of 3-bit POM task is shown [14] to
be larger than non-contextual bound but optimality of it
was left as an open question.
By using an interesting approach, we showed that the
success probability of a n-bit POM task can be solely
dependent on the quantum violation of 2n−1 × n Bell’s
inequality. Thus, the derivation of poptQ of n−bit POM
task reduces to the optimization of the relevant Bell ex-
pression. For n = 2, the Bell inequality is the CHSH
one and for n = 3 we have the elegant Bell’s inequality
[16]. By using an interesting technique [22], we first opti-
mize the elegant Bell expression arising from 3-bit POM
task and further generalized it for n-bit case. The opti-
mal quantum value of 2n−1 × n elegant Bell’s expression
is 2n−1
√
n which in turn provides the optimal success
probability poptQ = (1/2)(1 + 1/
√
n) for n-bit POM task.
Note that for n = 2, 3, poptQ can be obtained even if Alice
chooses pure qubit states for encoding her bits. But, for
n > 3 the encoding by using pure qubits does not pro-
vide the optimal success probability in QM. In Appendix
B, we showed that for 4-bit task Alice’s encoding in two-
qubit pure state succeeds in achieving the optimal success
probability. We provide the general construction of ob-
servables and the required dimension of entangled state
in order to obtain poptQ for n-bit POM task in Appendix
C.
Note that, the success probability can be unity if
the value of relevant Bell expression reaches to its al-
gebraic maximum. However, such amount of violation
of Bell’s inequality may be obtained in a post-quantum
theory which then implies the highest degree of prepara-
tion contextuality. In such a case, the overlap between
the respective probability distributions µ(λ|ρx|x.s=0) and
µ(λ|ρx|x.s=1) corresponding to s-parity 0 and s-parity 1
requires to be maximum. In QM, the maximum success
probability is (1/2)(1 + 1/
√
2), that is for 2-bit POM
task. Then the highest degree of preparation contextu-
ality is not allowed in QM. Note here that although the
success probability poptQ ≥ p(b = xi)pnc for any n > 2 but
poptQ decreases with the increment of the number of bit n.
The effect of preparation contextuality is then prominent
here. The condition of parity-obliviousness produce two
6mixed states in Bob’s side and such preparation proce-
dures fix the relevant Bell’s inequality. Then, the overlap
between µ(λ|ρx|x.s=0) and µ(λ|ρx|x.s=1) in the ontic space
Λ for the case of 2−bit POM task is larger than 3−bit
case. It is then straightforward to understand that for
n−bit POM tasks, both µ(λ|ρx|x.s=0) and µ(λ|ρx|x.s=1)
contains distributions corresponding to 2n−1 pure states,
so that, every pure state in ρx|x.s=0 is very much close to
a pure state in ρx|x.s=1 yielding the distributions of ontic
states for the mixed state indistinguishable (i.e., prepa-
ration noncontextual) in the ontic space which thereby
providing the lowest success probability. Thus, optimal
quantum preparation contextuality limits the amount of
violation of Bell’s inequality and fixes the maximum suc-
cess probability of the POM task.
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Appendix A
Explicit derivation of Eq.(7) in the main text is shown. The quantum success probability given by Eq.(6) can be
rearranged as
pQ =
1
24
(
Tr[ρ001] + Tr[ρ010] + Tr[ρ100] + 2 Tr[ρ011] + 2 Tr[ρ101] + 2 Tr[ρ110] + 3 Tr[ρ111]
+ Tr
[
(ρ000 − ρ111)PB1
]
+ Tr
[
(ρ001 − ρ110)PB1
]
+ Tr
[
(ρ010 − ρ101)PB1
]− Tr[(ρ100 − ρ011)PB1]
+ Tr
[
(ρ000 − ρ111)PB2
]
+ Tr
[
(ρ001 − ρ110)PB2
]− Tr[(ρ101 − ρ010)PB2]+ Tr[(ρ100 − ρ011)PB2]
+ Tr
[
(ρ000 − ρ111)PB3
]− Tr[(ρ001 − ρ110)PB3]+ Tr[(ρ010 − ρ101)PB3]+ Tr[(ρ100 − ρ011)PB3]) (A1)
Since ρ000 = 2Tr1
[
(PA1 ⊗ I) ρAB
]
and ρ111 = 2Tr1
[
(I − PA1 ⊗ I) ρAB
]
, we can write Tr[(ρ000 − ρ111)PB1 ] =
2Tr
[
(2PA1 − I)⊗ PB1)
]
, Tr[(ρ000 + ρ111)] = 2Tr
[
I ⊗ I
]
= 2 and Tr[(ρ000 − ρ111)] = 2Tr
[
(2PA1 − I)⊗ I
]
.
7Similarly, writing other terms in Eq.(A1), we get the following expression of the success probability in QM is given
by
pQ =
1
24
(
Tr[ρ100 + ρ011] + Tr[ρ010 + ρ101] + Tr[ρ001 + ρ110] + Tr[ρ011] + Tr[ρ101] + Tr[ρ110] + 3 Tr[ρ111]
)
+
1
12
[〈
2PA1 − I ⊗ PB1
〉
+
〈
2PA2 − I ⊗ PB1
〉
+
〈
2PA3 − I ⊗ PB1
〉− 〈2PA4 − I ⊗ PB1〉
+
〈
2PA1 − I ⊗ PB2
〉
+
〈
2PA2 − I ⊗ PB2
〉− 〈2PA3 − I ⊗ PB2〉+ 〈2PA4 − I ⊗ PB2〉
+
〈
2PA1 − I ⊗ PB3
〉− 〈2PA2 − I ⊗ PB3〉+ 〈2PA3 − I ⊗ PB3〉+ 〈2PA4 − I ⊗ PB3〉] (A2)
So, the success probability can be written as
pQ =
1
2
+
1
24
[〈
A1 ⊗B1
〉
+
〈
A2 ⊗B1
〉
+
〈
A3 ⊗B1
〉− 〈A4 ⊗B1〉+ 〈A1 ⊗B2〉+ 〈A2 ⊗B2〉
− 〈A3 ⊗B2〉+ 〈A4 ⊗B2〉+ 〈A1 ⊗B3〉− 〈A2 ⊗B3〉+ 〈A3 ⊗B3〉+ 〈A4 ⊗B3〉] (A3)
=
1
2
+
〈B3〉
24
(A4)
where B1 = 2PB1 − I and A1 = 2PA1 − I are used. Eq.(A4) is the Eq.(7) in the main text.
Appendix B
In this section, we provide explicit derivation of the optimal quantum success probability of 4-bit POM
task. Similar to 3−bit case, let us define an ordered set D4, where all possible x’s are written as D4 =
(0000, 0001, 0010, 0100, 1000, 0011, 0101, 0110, 1001, 1010, 1100, 0111, 1011, 1101, 1110, 1111). The set can be rewrit-
ten as D4 = (x1, x2, ...x16|xi + xj = 1111 and i + j = 17). We have the following parity set P4 =
{0011, 0101, 0110, 1100, 0111, 1011, 1101, 1110, 1111} and for our purpose we take s = 1100. For s-parity 0 set, Alice
encodes her inputs in the following pure states are given by
1
2
ρ0000 = Tr1
[
(PA1 ⊗ I)ρ12
]
;
1
2
ρ1111 = Tr1
[
(I − PA1 ⊗ I)ρ12
]
(B1a)
1
2
ρ0001 = Tr1
[
(PA2 ⊗ I)ρ12
]
;
1
2
ρ1110 = Tr1
[
(I − PA2 ⊗ I)ρ12
]
(B1b)
1
2
ρ0010 = Tr1
[
(PA3 ⊗ I)ρ12
]
;
1
2
ρ1101 = Tr1
[
(I − PA3 ⊗ I)ρ12
]
(B1c)
1
2
ρ0011 = Tr1
[
(PA6 ⊗ I)ρ12
]
;
1
2
ρ1100 = Tr1
[
(I − PA6 ⊗ I)ρ12
]
. (B1d)
and similar encoding for the s-parity 1 set. The quantum success probability can be calculated as
pQ =
1
2
+
〈B4〉
64
(B2)
where B4 = (A1 + A2 + A3 + A4 − A5 + A6 + A7 + A8) ⊗ B1 + (A1 + A2 + A3 − A4 + A5 + A6 − A7 − A8) ⊗ B2 +
(A1 +A2 −A3 +A4 +A5 −A6 +A7 −A8)⊗B3 + (A1 −A2 +A3 +A4 +A5 −A6 −A7 +A8)⊗B4 If we define,
1
4
(A1 +A2 +A3 +A4 −A5 +A6 +A7 +A8)⊗ I = B1 ⊗ I
1
4
(A1 +A2 +A3 −A4 +A5 +A6 −A7 −A8)⊗ I = B2 ⊗ I (B3)
1
4
(A1 +A2 −A3 +A4 +A5 −A6 +A7 −A8)⊗ I = B3 ⊗ I
1
4
(A1 −A2 +A3 +A4 +A5 −A6 −A7 +A8)⊗ I = B2 ⊗ I
8then
B4 = 4
4∑
y=1
By ⊗By (B4)
It is possible to find a choice of observables and states so that each of the 〈By ⊗By〉 is 1. In such a case, B4 = 16
providing the desired optimal probability poptQ = (1 + 1/2)/2. A choice observables and the state are the following.
B1 = σx ⊗ σx, B2 = σx ⊗ σy , B3 = σx ⊗ σzand B4 = σy ⊗ I
and
A1 =
1
2
(σx ⊗ σx + σx ⊗ σy + σx ⊗ σz + σy ⊗ I) A2 = 1
2
(σx ⊗ σx + σx ⊗ σy + σx ⊗ σz − σy ⊗ I)
A3 =
1
2
(σx ⊗ σx + σx ⊗ σy − σx ⊗ σz + σy ⊗ I) A4 = 1
2
(σx ⊗ σx − σx ⊗ σy + σx ⊗ σz + σy ⊗ I)
A5 =
1
2
(−σx ⊗ σx + σx ⊗ σy + σx ⊗ σz + σy ⊗ I) A6 = 1
2
(σx ⊗ σx + σx ⊗ σy − σx ⊗ σz − σy ⊗ I)
A7 =
1
2
(σx ⊗ σx − σx ⊗ σy + σx ⊗ σz − σy ⊗ I) A8 = 1
2
(σx ⊗ σx − σx ⊗ σy − σx ⊗ σz + σy ⊗ I) (B5)
For an entangled state |ψ〉AB =
1
2
(|0000〉 + |0101〉 + |1010〉 + |1111〉), the requirement of ∑4y=1By ⊗ By = 4 can be
achieved.
Appendix C
We provide the general construction of the observables for which the 2n−1×n elegant Bell’s inequality is optimized.
Similar construction can be found in [17]. For n− bit POM task, Bob requires n number of observables denoted
as Bn,y where y ∈ {1, 2, ...., n}. We already know that for 2-bit POM task B2,1 = σx, B2,2 = σy and for 3-bit
case B3,1 = σx, B3,2 = σy, B3,3 = σz . In Appendix B, we provided the Bob’s observables for 4-bit POM task are
B4,1 = σx ⊗ σx, B4,2 = σx ⊗ σy, B4,3 = σx ⊗ σz, B4,4 = σy ⊗ I. Note that, Bn,y are mutually anti-commuting.
Using n = 3 case, we can recursively define the observables as follows; for even n, the observables are Bn,y =
σx ⊗ Bn−1,y for y ∈ {1, ..., n − 1}, Bn,n = σy ⊗ I and for odd n, we have Bn,y = σx ⊗ Bn−2,y for y ∈ {1, ..., n −
2}, Bn,n−1 = σy ⊗ I and Bn,n = σz ⊗ I. Let Alice’s observables An,i can be suitably combined so that the following
condition is satisfied
2n−1∑
i=1
(−1)xiyAn,i ⊗ I = 2
n−1
√
n
Bn,y ⊗ I (C1)
In such a choice of observables, the elegant Bell expression Eq.(14) can be written as Bn = 2
n−1
√
n
∑n
y=1〈Bn,y⊗Bn,y〉
which provides Boptn =
2n−1√
n
n = 2n−1
√
n. Thus, from Eq.(14) the optimal success probability for n-bit POM task can
be written as
poptQ =
1
2
+
2n−1
√
n
2nn
=
1
2
(
1 +
1√
n
)
(C2)
The entangle state of the dimension 2⌊n/2⌋ provides the optimal value of the elegant Bell expression is given by
|φ〉AB =
1√
2⌊n/2⌋
2⌊n/2⌋∑
k=1
|k〉A |k〉B
.
